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Abstract
The general quadratic group U2n and its elementary subgroup EU2n are analogs in the theory of the
general linear group GLn and its elementary subgroup En. It is known, for GLn, K1 = GL1/〈(a + c +
abc)(a+ c+ cba)−1 | a+ c+ abc ∈ GL1〉 under the first Bass stable range condition on the ring of entries.
In this article we give a description for KU1 under the Λ-1-fold stable range condition on the ring of entries.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let R be an associative ring with 1 and assume that an anti-automorphism − : x → x is
defined on R such that x = εxε for some unit ε = ε−1 of R and every x in R. It also determines
an anti-automorphism of the ring MnR of all n by n matrices (xij ) by (xij ) = (xji).
Set Rε = {x − xε | x ∈ R}, Rε = {x ∈ R | x = −xε} . We fix an additive subgroup Λ of R
with the following properties:
(i) rΛr ⊂ Λ for all r ∈ R;
(ii) Rε ⊂ Λ ⊂ Rε.
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Λn =
{
(aij ) ∈ MnR
∣∣ aij = −ajiε for i 	= j and aii ∈ Λ}.
As in [3,5], we define
U2n(R,Λ) =
{(
α β
γ δ
)
∈ GL2nR
∣∣∣ αδ + γ εβ = In, αγ, βδ ∈ Λn}
as the general quadratic group of rank n.
By [5, Lemma 2.1], an invertible 2n× 2n matrix σ = ( α β
γ δ
)
is an element of U2n(R,Λ) if and
only if the following conditions hold:
(i) σϕnσ = ϕn where ϕn =
( 0 I
εI 0
)
,
(ii) the diagonal entries of αγ , βδ lie in Λ.
Moreover condition (i) is equivalent to the following condition
(i)′
(
α β
γ δ
)−1
=
(
εδε εβ
γ ε α
)
. (1.1)
There is an obvious embedding
U2n(R,Λ) → U2(n+1)(R,Λ),(
α β
γ δ
)
→
⎛⎜⎝
α 0 β 0
0 1 0 0
γ 0 δ 0
0 0 0 1
⎞⎟⎠ , (1.2)
and using this map, we shall frequently want to consider U2n(R,Λ) as a subgroup of
U2(n+1)(R,Λ).
With n fixed for any 1  k  2n, set σk = k + n if k  n and σk = k − n if k > n. For
a ∈ R and 1 i 	= j  2n we define the elementary quadratic matrices ρi,σ i(a) and ρi,j (a) with
j 	= σ i as follows: ρi,σ i(a) = I2n + aEi,σ i with a ∈ Λ when n + 1 i and a ∈ Λ when i  n.
ρij (a) = ρσj,σ i(−a′) = I2n + aEij − a′Eσj,σ i ∈ U2n(R,Λ) with a′ = a when i, j  n; a′ = ε a
when i  n < j ; a′ = aε when j  n < i; and a′ = ε aε when n+ 1 i, j .
The subgroup of U2n(R,Λ) generated by these matrices is denoted by EU2n(R,Λ). The sta-
bilization map U2n(R,Λ) → U2(n+1)(R,Λ) above induces a stabilization map EU2n(R,Λ) →
EU2(n+1)(R,Λ) which will be used frequently to identify EU2n(R,Λ) with its image in
EU2(n+1)(R,Λ).
Define
U(R,Λ) = lim−→U2n(R,Λ), EU(R,Λ) = lim−→ EU2n(R,Λ),
and
KU1(R,Λ) = U(R,Λ)/EU(R,Λ).
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KU1,n(R,Λ) = U2n(R,Λ)/EU2n(R,Λ)
and let
W(R) = 〈(a + c + abc)(a + c + cba)−1〉,
where a, b, c ∈ R with a + c + abc ∈ GL1R (the set of units in R), and
V (R) = 〈(1 + ab)(1 + ba)−1〉,
where a, b ∈ R with 1 + ab ∈ GL1R.
Our main results are the following.
Theorem 1. Suppose R satisfies the Λ-1-fold stable range condition. Then the stabilization map
KU1,n(R,Λ) → KU1(R,Λ)
is an isomorphism for all n 2, and
U2(R,Λ)/E˜U2(R,Λ) → KU1(R,Λ)
is an isomorphism, where E˜U2(R,Λ) denotes the subgroup of U2(R,Λ) generated by
EU2(R,Λ) and D = {diag(d, d−1) | d ∈ W(R)}.
Theorem 2. Suppose R satisfies the Λ-1-fold stable range condition. Then
KU1(R,Λ) = GL1R/W(R)S1,
where S1 = 〈(a + c + abc)u〉 with a, c, b ∈ Λ or a, c, b ∈ Λ, u ∈ GL1R ∩ Λ or u ∈ GL1R ∩ Λ,
and a + c + abc in GL1R.
Theorem 3. Suppose R satisfies the unit Λ-1-fold stable range condition. Then the stabilization
map
U2(R,Λ)/E˜U2(R,Λ) → KU1(R,Λ)
is an isomorphism, where E˜U2(R,Λ) denotes the subgroup of U2(R,Λ) generated by
EU2(R,Λ) and D = {diag(d, d−1) | d ∈ V (R)}; and
KU1(R,Λ) = GL1R/V (R)S2,
where S2 = 〈1 + ab〉 with a, b ∈ Λ or a, b ∈ Λ, and 1 + ab in GL1R.
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results appeared in the papers [9,10]. These papers and later publications employed several kinds
of stable range conditions. Recently Bak and Tang [4,5] introduced the notation, ΛSm, of Λ-
stable range for quadratic K1, which is weaker than other stable range. But it seems that ΛSm
may not be used to deal with the quadratic groups of small rank n (for example, n = 1 and 2). In
the present paper we try to use Λ-1-fold stable range condition to get an analogous result in the
prestability theory of the general linear group for the general quadratic group.
2. Λ-1-fold stable range condition
Definition 2.1. Let Λ be a form parameter on R. R is said to satisfy the Λ-1-fold stable range
condition (Λ-1-fold condition in brief) if given any vector (a, b) in R2 satisfying aR + bR = R,
then there exists r ∈ Λ such that a + br ∈ GL1R.
This notation was first introduced by H. Bass [6, p. 168] for semi-simple rings. In Bass’s
language, Λ is ample in R. Bass also discussed some conditions on anti-automorphism −, ε and
so on for semi-simple rings R such that Λ is ample in R in [6]. Here we want to point out that
if R is the C∗-algebra satisfying unitary 1-stable range condition and Λ = Rε then R satisfies
Λ-1-fold condition. A local ring with 2 invertible, ε = −1 and Λ = Rε is a Λ-1-fold ring.
In Definition 2.1, if we can choose r ∈ Λ ∩ GL1R such that a + br ∈ GL1R, R is said to
satisfy the unit Λ-1-fold condition.
Lemma 2.1. If R satisfies Λ-1-fold condition, then Λ contains an invertible element u in R such
that u−1 ∈ Λ.
Proof. Since (0,1) ∈ R2 satisfies R · 1 = R, there exists r ∈ Λ such that 0 + 1 · r ∈ GL1R. This
means Λ contains an invertible element u = r . Moreover, u−1uu−1 ∈ Λ. 
A vector (a1, . . . , an) in Rn is called right unimodular if there are elements b1, . . . , bn ∈ R
such that a1b1 + · · · + anbn = 1. The stable range condition SRm says that if (a1, . . . , am+1) is
a unimodular vector then there exist elements b1, . . . , bm ∈ R such that (a1 + am+1b1, . . . , am +
am+1bm) is unimodular. It follows easily that SRm ⇒ SRn for any nm. The stable rank SR(R)
of R is the smallest number m such that SRm holds.
Note that if R satisfies Λ-1-fold condition then R satisfies SR1, the first Bass stable range
condition.
The Λ-stable range condition ΛSm of Bak and Tang says that R satisfies SRm and given any
unimodular vector (a1, . . . , am+1, b1, . . . , bm+1) ∈ R2(m+1) there exists a matrix γ ∈ Λm+1 such
that (a1, . . . , am+1)+ (b1, . . . , bm+1)γ is unimodular. By [5], ΛSm ⇒ ΛSn for all nm.
It is not difficult to show that
Lemma 2.2. Λ-1-fold ⇒ ΛS1 for any form parameter Λ on R.
3. Proof of Theorem 1
Let us consider the decomposition of EU4(R,Λ) and set
C = 〈ρ12(a), ρ32(a), ρ42(b) ∣∣ a ∈ R, b ∈ Λ〉,
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P = {σσ1 ∣∣ σ ∈ EU2(R,Λ), σ1 ∈ C},
Q = 〈ρ32(a), ρ12(a), ρ21(a), ρi,σ i(b), 3 i  4 ∣∣ a ∈ R, b ∈ Λ〉.
A PR′Q-decomposition of ϕ ∈ EU4(R,Λ) is a product decomposition ϕ = σζτ , where
σ ∈ P , ζ ∈ R′, and τ ∈ Q.
Lemma 3.1. Suppose R satisfies Λ-1-fold condition. Then every element of EU4(R,Λ) has a
PR′Q-decomposition, i.e., EU4(R,Λ) = PR′Q.
Proof. Since [ρ21(1), ρ13(b)] = ρ23(b)ρ24(b), b ∈ Λ, and ρ14(a) = ρ23(−ε a), we have that
EU4(R,Λ) is generated by P , ρ21(a) and ρ23(a). Direct computation shows that EU2(R,Λ)
normalizes C. So, that PPR′Q ⊆ PR′Q is obvious. Then we only need to prove that ρ21(a)prq ,
ρ23(a)prq ⊆ PR′Q for any p ∈ P , r ∈ R′, q ∈ Q. We shall do that for ρ23(a)prq (the other is
similar to ρ23(a)prq). By the definition of P , we may write p as
p =
⎛⎜⎝
a11 a12 a13 0
0 1 0 0
a31 a32 a33 0
∗ ∗ ∗ 1
⎞⎟⎠ ,
where
( a11 a13
a31 a33
) ∈ EU2(R,Λ).
Since R satisfies Λ-1-fold condition there is x ∈ Λ such that a31 + a33x ∈ GL1R. Let y =
−(a31 + a33x)−1a32. The (3,2)th coefficient of pρ31(x)ρ12(y) is 0. Investigating the form of
ρ31(−x)rρ31(x) =
⎛⎜⎜⎜⎜⎜⎜⎝
1 0
... 0 ∗
c 1
... ∗ ∗
· · · · · · · · · · · · · · ·
0 0
... 1 −c
0 0
... 0 1
⎞⎟⎟⎟⎟⎟⎟⎠
and right multiplying ρ31(−x)rρ31(x) by ρ21(−c), we have that the (2,1)th coefficient
of ρ31(−x)rρ31(x)ρ21(−c) is 0 and that ρ12(−y)ρ31(−x)rρ31(x)ρ21(−c)ρ12(y) = ρ13(∗)r ′′,
where r ′′ ∈ R′. Write prq as p′r ′q ′, where p′ = pρ31(x)ρ12(y)ρ13(∗), r ′ = ρ13(−∗)ρ12(−y) ·
ρ31(−x)rρ31(x)ρ21(−c)ρ12(y), q ′ = ρ12(−y)ρ21(c)ρ31(−x)q . It is clear that p′ ∈ P ,
r ′ ∈ R′, q ′ ∈ Q. Note that the (3,2)th coefficient of p′ is 0 and write p′ = st, where
s = ρ12(a1)ρ42(a2), a2 ∈ Λ, and t ∈ EU2(R,Λ). Then ρ23(a)prq = ρ23(a)p′r ′q ′ = ρ23(a) ·
sρ23(−a)t (t−1ρ23(a)t)r ′q ′. Note that ρ23(a)sρ23(−a)t ∈ P , and t−1ρ23(a)t ∈ PR′. Hence
ρ23(a)prq ∈ PR′Q. 
Now we prove Theorem 1.
By the Decomposition Theorem 4.3 and the proof of Theorem 1.1 in [5], we have that the
stabilization map
KU1,n(R,Λ) → KU1(R,Λ)
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Lemma 2.2).
Let us consider the kernel of ϕ : U2(R,Λ) → U4(R,Λ)/EU4(R,Λ).
Suppose g ∈ U2(R,Λ)∩ EU4(R,Λ). By Lemma 3.1 we can assume
g =
⎛⎜⎝
g11 0 g13 0
0 1 0 0
g31 0 g33 0
0 0 0 1
⎞⎟⎠= prq, (3.1)
where p ∈ P , r ∈ R′, and q ∈ Q.
Since the second row of the elements in P coincides with that of 4 × 4 identity matrix, rq has
the same 2nd row as g, i.e., (0 1 0 0). By the definition of R′ and Q we may write
r =
⎛⎜⎝
1 0 0 b
a1 1 −εb d
0 0 1 −a1
0 0 0 1
⎞⎟⎠ , q = ( B 0c11 c12
c21 c22
B−1
) (
B ∈ E2R
)
. (3.2)
Direct computation shows that b = d = 0 since (−εb, d)B−1 = (0,0). Then we can write g as
g ≡
(
B 0
C B−1
)(
mod
(
EU2(R,Λ)
))
by the definition of P . Observing the form of g (see (3.1)), we have B = ( d 00 1), where d ∈
GL1R ∩ E2R, and C =
(
c 0
0 0
)
. So g ≡ diag(d,1, d−1,1)ρ31(dc) (mod EU2(R,Λ)), dc ∈ Λ. By
the prestability result on general linear group, we know that d ∈ W(R) (see [7]). Hence Kerϕ ⊆
E˜U2(R,Λ) which is generated by EU2(R,Λ) and D = {diag(d, d−1) | d ∈ W(R)}. It is obvious
that E˜U2(R,Λ) ⊆ Kerϕ from the result in [7].
4. Proof of Theorem 2
Observe the following identity.(
1 0
a 1
)(
1 b
0 1
)(
1 0
c 1
)(
1 d
0 1
)
=
(
p(b, c) p(b, c, d)
p(a, b, c) p(a, b, c, d)
)
, (4.1)
where the p are the continuant polynomials. Thus
p( ) = 1, p(a) = a, p(a, b) = 1 + ab, p(a, b, c) = a + c + abc,
p(a, b, c, d) = abcd + ad + ab + cd + 1.
From [7, Section 1] we know that if p(a, b, c) is a unit in R, there is a unique d in R such
that p(a, b, c, d) = 0. Then p(c, b, a) is a unit with inverse −p(b, c, d) (since p(t2, . . . , tn−1)×
p(tn, . . . , t1)− p(t2, . . . , tn)p(tn−1, . . . , t1) = (−1)n). Now we can write
2078 H. You, S. Ye / Journal of Algebra 319 (2008) 2072–2081W(R) = 〈p(a, b, c)p(c, b, a)−1 ∣∣ p(a, b, c) ∈ GL1R〉 and
V (R) = 〈p(a, b)p(b, a)−1 ∣∣ p(a, b) ∈ GL1R〉.
If u,v are units, uvu−1v−1 = (1 + av)(1 + va)−1 where a = u − v−1, so [GL1R,GL1R] ⊆
V (R). Further, p(a, b) = p(a, b − 1,1), p(b, a) = p(1, b − 1, a), when p(a, b) is a unit, hence
V (R) ⊆ W(R).
It is not difficult to show that V (R) and W(R) are normal subgroups of GL1R. Hence
GL1R/V (R), GL1R/W(R) are abelian groups.
By Lemma 2.1, Λ contains a unit u. Let
δu = ρ21(−u)ρ12
(
u−1
)
ρ21(−u) =
(
0 u−1
−u 0
)
.
Recall the definition of S1 and S2 in Section 1. For any x ∈ GL1R, we have
xp(a, b, c)ux−1 = xp(a, b, c)x x−1ux−1 = p(xax, x−1bx−1, xcx)(x−1ux−1),
where a, b, c ∈ Λ, or a, b, c ∈ Λ, and u ∈ Λ∩ GL1R or u ∈ Λ∩ GL1R. Furthermore
xp(a, b)x−1 = p(xax, x−1bx−1),
where a, b ∈ Λ, or a, b ∈ Λ.
That says S1 and S2 are normal subgroups of GL1R. Thus W(R)S1 and V (R)S2 make sense
and GL1R/W(R)S1 and GL1R/V (R)S2 are abelian groups.
The Λ-1-fold condition implies U2(R,Λ) is generated by EU2(R,Λ) and Dw ={(w
w−1
) | w ∈ GL1R}. Consider any ( a bc d ) ∈ U2(R,Λ). Since R satisfies Λ-1-fold condition,
there is an element t ∈ Λ such that a + bt is a unit, so in(
a′ b
c′ d
)
=
(
a b
c d
)(
1 0
t 1
)
,
a′ is a unit. Thus (
a′ b
c′ d
)(
1 −a′−1b
0 1
)
=
(
a′ 0
c′ d − c′a′−1b
)
.
Hence every element of U2(R,Λ) can be written in the form(
w 0
∗ w−1
)(
1 b
0 1
)(
1 0
c 1
)
or (4.2)(
w 0
0 w−1
)(
1 0
a 1
)(
1 b
0 1
)(
1 0
c 1
)
, (4.3)
where a, c, b ∈ Λ.
When R satisfies unit Λ-1-fold condition we can choose t in Λ∩ GL1R, then c ∈ Λ∩ GL1R
in (4.2) and (4.3).
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f : GL1R → U2(R,Λ)/E˜U2(R,Λ), u →
(
u 0
0 u−1
)
E˜U2(R,Λ).
f induces a homomorphism GL1R/W(R)S1 → U2(R,Λ)/E˜U2(R,Λ) which is clearly an epi-
morphism. To show it is a monomorphism we set up a map
F : U2(R,Λ) → GL1R/W(R)S1,
(
a b
c d
)
→ wW(R)S1
(
see (4.3)).
We shall prove that
Lemma 4.1.
(i) F is well defined,
(ii) F is a group homomorphism,
(iii) KerF contains E˜U2(R,Λ).
Proof. (i) Suppose(
w 0
∗ w−1
)(
1 b
0 1
)(
1 0
c 1
)
=
(
w′ 0
∗ w′−1
)(
1 b′
0 1
)(
1 0
c′ 1
)
, (4.4)
where c, c′, b, b′ ∈ Λ. Then(
1 b
0 1
)(
1 0
c − c′ 1
)(
1 b′
0 1
)
=
(
w−1w′ 0
∗ w w′−1
)
. (4.5)
Investigating the identity (4.1), we have w−1w′ = p(b, c − c′) with c − c′, b ∈ Λ, i.e., w ≡
w′ (mod S2). Let d = u−1(u−1 ∈ Λ), c1 = c−u in p(b, c1, d)u. It follows that 1+bc = p(b, c−
u,u−1)u. That is, w ≡ w′ (mod S1). Hence F is well defined.
(ii) Let H be the subgroup of all A ∈ U2(R,Λ) such that F(AB) = F(A)F(B) for any
B ∈ U2(R,Λ). Clearly,
( v
v−1
) ∈ H , ρ21(a) ∈ H(a ∈ Λ), by (4.5). Since EU2(R,Λ) can be
generated by ρ21(a)(a ∈ Λ) and δu =
( 0 u−1
−u 0
)
, we need only to show that δu ∈ H . Left multi-
plying by δu on the left of (4.5), we have(
0 u−1
−u −ub
)(
1 0
c′′ 1
)(
1 b′
0 1
)
=
(
w−1w′ 0
∗ w w′−1
)
and(
1 b
0 1
)(
1 0
c′′ 1
)(
1 b′
0 1
)
=
( ∗ −u−1w w′−1
uw−1w′ 0
)
.
Then, −u−1w w′−1 = p(b, c′′, b′) with c′′, b, b′ ∈ Λ, w w′ −1 ∈ p(b, c′′, b′)(−u)[GL1R,GL1R]
⊆ W(R)S1. Hence w ≡ w′ (mod (W(R)S1)).
(iii) It is obvious that F(ρ12(a)) = F(ρ21(a)) = 1 and F
((
d 0
0 d−1
)) = 1 where d ∈ W(R).
Therefore E˜U2(R,Λ) ⊆ KerF . 
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phism.
Remark. (i) If we define F : U2(R,Λ) → GL1R/W(R)S2 (replace S1 by S2), F is well defined,
however it is not clear that F is a group homomorphism.
(ii)
(
ww 0
0 w−1εw−1ε
)
=
[(
w 0
0 w−1
)
,
(
0 1
ε 0
)]
.
It seems that the subgroup T = 〈ww | w ∈ GL1R〉 of GL1R should be in the Kerf . In fact,
ww = wuw−1u−1(uwp(u−1,−u,u−1)w u)u · u−1(u−1p(u,−u−1, u)u−1), i.e., T ⊆ W(R)S1.
5. Proof of Theorem 3
Unit Λ-1-fold condition implies the unit 1-stable range condition. In this case GL1R ∩
E2R = V (R) = 〈p(a, b)p(b, a)−1 | p(a, b) ∈ GL1R〉 by [7, Theorem 1.2]. So the kernel of
ϕ : U2(R,Λ) → KU1(R,Λ) should be generated by EU2(R,Λ) and D = {diag(d, d−1) | d ∈
V (R)}. This proves the first assertion of Theorem 3.
Now we consider the kernel of f : GL1R → U2(R,Λ)/E˜U2(R,Λ). Referring Lemma 4.1,
we know that F : U2(R,Λ) → GL1R/V (R)S2 is well defined, but we have to show that F is a
homomorphism.
Under the unit Λ-1-fold condition we can assume c is a unit in (4.4). Since(
1 0
c 1
)
=
(
1 c−1
0 1
)(
0 −c−1
c 0
)(
1 c−1
0 1
)
,
(4.4) can be written as(
1 b1
0 1
)(
0 −c−1
c 0
)(
1 c−1
0 1
)
=
(
w−1w′ 0
∗ w w′−1
)(
1 b′
0 1
)(
1 0
c′ 1
)
.
Note that c is in Λ∩ GL1R, EU2(R,Λ) can be generated by ρ21(a) and δc =
( 0 c−1
−c 0
)
. Referring
the proof of Lemma 4.1(ii), we have only to show the left E˜U2(R,Λ)-cosets are closed under
left multiplication by δc. Thus(
1 0
−cb1c 1
)(
1 c−1
0 1
)(
1 0
−c′ 1
)(
1 −b′
0 1
)
=
(
w−1w′ 0
∗ w w′−1
)
. (5.1)
We still have (
1 c−1
0 1
)(
1 0
−c′ 1
)(
1 −b′
0 1
)
=
(
w−1w′ 0
∗′ w w′−1
)
. (5.2)
It follows that w ≡ w′ (mod S2). Hence F is a group homomorphism. That E˜U2(R,Λ) ⊆ KerF
is obvious. Therefore, the stabilization map
U2(R,Λ)/E˜U2(R,Λ) → GL1R/V (R)S2
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A ring R is said to satisfy Λ-2-fold stable range condition (Λ-2-fold condition in brief) if
given any two unimodular vectors (a, b), (c, d), there exists x ∈ Λ such that a + bx, c + dx ∈
GL1R.
Lemma 5.1. Λ-2-fold condition ⇒ unit Λ-1-fold condition.
Proof. For any unimodular vector (a, b), since (0,1) is unimodular, there exists x ∈ Λ such that
a + bx, 0 + 1 · x ∈ GL1R by the definition of Λ-2-fold condition. Here x ∈ Λ∩ GL1R. 
Corollary 5.1. If R satisfies Λ-2-fold stable range condition. Then
U2(R,Λ)/E˜U2(R,Λ) → KU1(R,Λ)
is an isomorphism; and
KU1(R,Λ) = GL1R/V (R)S2.
The above result has been proved in [11].
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